We present new results regarding fixed point sets of various set-valued mappings using the concept of fixed point iteration schemes and the newly defined concept of fixed point resolutions. In particular, we prove that the fixed point sets of certain nonexpansive set-valued mappings are contractible.
Introduction
In , Bruck [] gave an intriguing result on the structure of fixed point sets by proving that the fixed point set of a certain nonexpansive mapping is always a nonexpansive retract of its domain. It took almost thirty years before the result was extended to asymptotically nonexpansive mappings in [] . From the point of view of topological theory, such retraction results enable us to pass various topological properties (for example, connectedness and contractibility) from the domain of the mapping onto its fixed point set. Recently in [] , Chaoha introduced the notion of virtually nonexpansive mappings (which includes various nonexpansive-type mappings) on metric spaces and proved that the fixed point set of a virtually nonexpansive mapping is always a retract of a certain subset called the convergence set. Consequently, Chaoha and Atiponrat [] extended the notion of virtually nonexpansive mappings on metric spaces to virtually stable mappings on Hausdorff spaces and presented a retraction result similar to [] for regular spaces. Recently, Chaoha and Chanthorn [] presented the concept of fixed point iteration schemes that unifies well-known iteration processes (for example, Picard, Mann and Ishikawa iteration processes [] ) and showed that in regular spaces the fixed point set of a certain virtually stable scheme is a retract of its convergence set. Combined with numerous convergence results of iteration processes in the literature, the authors were able to derived some contractibility criteria for fixed point sets of mappings in various situations. For set-valued mappings, fewer results on the structure of fixed point sets have been explored. It was recently proved in [] that the fixed point set of a certain quasi-nonexpansive set-valued mapping on a CAT() space is always convex and hence contractible. In this work, we use the concept of virtually stable schemes to acquire retraction results for the fixed point sets of set-valued mappings in appropriate settings. Especially, combined with Nadler's result in [] , we obtain a new contractibility criterion for the fixed point set of a certain set-valued α-contraction. Then we will construct a sequence of mappings that is not naturally a scheme, but surprisingly yields similar retraction and contractibility results for the fixed point set of a certain nonexpansive set-valued mapping. This immediately calls for the introduction of fixed point resolutions generalizing fixed point iteration schemes at the end of this work.
The paper is organized as follows. In Section , we recall the backgrounds used throughout this work. In particular, we present some useful conditions involving set-valued mappings as well as the new concept of α-contractive schemes. In Section , we first construct, with the aid of Michael's selection theorem, virtually stable schemes for certain set-valued mappings to obtain retraction results for fixed point sets. Then we construct an α-contractive scheme for a set-valued α-contraction to obtain a new contractibility criterion for its fixed point set. Finally, we construct a sequence of mappings that is not a fixed point iteration scheme, but still induces retraction and contractibility results for the fixed point set of a certain nonexpansive set-valued mapping.
Preliminaries
For a nonempty set X, we let P(X) be the power set of X and  X = P(X) -{∅}. Also, we denote the fixed point sets of a single-valued mapping f : X → X and a set-valued map-
Throughout this paper, we always assume that every mapping has nonempty fixed point sets.
For a metric space (X, d), a ∈ X, and A, B ∈  X , let
, and • CB(X) = {A ∈  X : A is closed and bounded}.
The Hausdorff metric [] is the mapping H : CB(X) × CB(X) → R defined by
for each A, B ∈ CB(X).
The following facts can be found in [, , ].
Lemma . Let x, y ∈ X and A, B ⊆ X. Then we obtain the following:
For a set-valued mapping F : X →  X , let P F : X → P(X) be defined by
for each x ∈ X, and we say that F satisfies
• the Chebyshev condition if P F (x) is a singleton for each x ∈ X. Notice that every single-valued mapping (considered as a set-valued mapping in the trivial way) satisfies all above conditions. Remark . The definitions of the proximal condition and the Chebyshev condition are motivated by the proximal set and the Chebyshev set, respectively, in [] . When a mapping F : X →  X satisfies the Chebyshev condition, we will identify P F (x) with its element,
i.e., P F can be considered as a mapping on X in this case. Note that every set-valued mapping with compact values always satisfies the proximal condition.
we have the following: We now recall some definitions of continuity for set-valued mappings (see [] for more details). For our purpose, let X and Y be metric spaces (with no ambiguity, their metrics will be denoted by the same symbol 'd'). A set-valued mapping F : X →  Y is said to be
is a sequence in X converging to x and y ∈ F(x), then there exists a sequence (y n ) in Y such that y n ∈ F(x n ) and (y n ) converges to y, 
. It is not difficult to see that every set-valued α-contraction is nonexpansive and Hcontinuous, while every nonexpansive set-valued mapping is quasi-nonexpansive and continuous. Moreover, when F is single-valued, the above definitions of α-contraction, nonexpansive mapping and quasi-nonexpansive set-valued mapping coincide with the usual definitions for single-valued mapping. 
() If F is H-upper semi-continuous and has compact values, then it is upper semi-continuous. () If F is H-lower semi-continuous, then it is lower semi-continuous.

Lemma . ([], Proposition .) Let X and Y be metric spaces and F
: X →  Y be lower semi-continuous. If a mapping G : X →  Y satisfies G(x) = F(x) for each x ∈ X, then G is lower semi-continuous.
Lemma . ([], Proposition ..) Let X be a metric space and Y be a Banach space. Assume that F : X →  Y and G : X →  Y are lower semi-continuous. If G has open convex values and F(x)
for each x ∈ X is lower semi-continuous.
Lemma . Every selection of a quasi-nonexpansive set-valued mapping on a metric space satisfying the end-point condition is quasi-nonexpansive.
Proof It is straightforward from the definition.
Lemma . Let X be a metric space. If F : X →  X is * -nonexpansive with closed values
and satisfies the proximal condition, then the mapping P F : X → CB(X) is nonexpansive.
Proof Let x, y ∈ X and ε > . For each z ∈ P F (x), there is u y ∈ P F (y) such that
We will see later that the continuity of the mapping P F plays a crucial role in proving the main result when the set-valued mapping F satisfies the Chebyshev condition. Also in Theorem .. [] , it is shown, by using the compactness of the unit disc of the Euclidean space, that every continuous mapping F from the Euclidean space R n into  R n satisfying the Chebyshev condition induces the continuity of P F . Therefore, to generalize such a result, we will consider a continuous set-valued mapping on a compact metric space as follows.
Lemma . Let X be a compact metric space, p ∈ X and (x n ) be a sequence in X. If every convergent subsequence of (x n ) converges to p, then so does (x n ).
Proof Suppose that (x n ) does not converge to p. Then there exist a neighborhood U of p and a subsequence (x n k ) of (x n ) such that x n k / ∈ U for each k ∈ N. By the compactness of X, the sequence (x n k ) has a convergent subsequence which is also a subsequence of (x n ), say (x m k ). Hence, (x m k ) converges to a point p in X by the assumption, and we get a contradiction.
Theorem . Let X be a compact metric space. If F : X →  X is continuous, satisfies the
Chebyshev condition and has closed values, then P F : X → X is continuous.
Proof Let (x n ) be a sequence in X converging to x  ∈ X. Suppose that (P F (x n k )) is a subsequence of (P F (x n )) converging to a point p ∈ X. By the upper semi-continuity of F, for each ε > , there is N ∈ N such that
Since F is lower semi-continuous and P F (x  ) ∈ F(x  ), there is a sequence (y n k ) in X such that y n k ∈ F(x n k ) and (y n k ) converges to P F (x  ). Consequently,
, and hence p = P F (x  ) by the Chebyshev condition on F. This proves that each convergent subsequence of (P F (x n )) converges to the same point P F (x  ). Then, by Lemma ., the sequence (P F (x n )) converges to P F (x  ). Therefore, the mapping P F is continuous.
Recall that a metric space X is said to be metrically convex [] if for each x, y ∈ X with x = y, there exists an element z ∈ X such that x = z, y = z, and
Notice that every linear space is metrically convex. 
On the other hand, for each y ∈ S(x; t), there exists z
, and hence
D(y; t) ≤ h D(x; t), D(y; t) ≤ H D(x; t), D(y; t) .
On the other hand, let a ∈ D(x; t) and ε > . Consider the point b = a + y -x. Then a -b = x -y and b -y = a -x ≤ t. Hence, we have
, and a ∈ η D(y; t); x -y + ε .
Consequently, D(x; t) ⊆ η(D(y; t); x -y + ε). By a similar argument, we can show that D(y; t) ⊆ η(D(x; t); x -y + ε). It follows that H(D(x; t), D(y; t)) ≤ x -y + ε, and since ε is arbitrary, H(D(x; t), D(y; t))
The assumption that X is a normed space in the previous lemma is necessary as shown in the following example. 
Theorem . Every lower semi-continuous set-valued mapping from a metric space into a Banach space with closed and convex values admits a continuous selection.
In a (real) Banach space (X, · ), we let
where CCB(X) is considered as a subspace of the metric space (CB(X), H).
Lemma . Let X be a closed subset of a Banach space E. Assume that f : E → E and
Proof () Let x ∈ E and ε > . Since f and ϕ are continuous, there is δ >  such that
for each y ∈ B(x; δ). Thus, by Lemma ., for each x ∈ X is lower semi-continuous. By Theorem ., there is a continuous mapping
We now recall the notion of fixed point iteration schemes and virtually stable schemes defined in [] . For a given (nonempty) Hausdorff space X and a sequence S = (s n ) of mappings on X, let Fix(S) = ∞ n= Fix(s n ) and C(S) = {x : lim n→∞ s n (x) exists} denote the fixed point set and the convergence set of S, respectively. We always have Fix(S) ⊆ C(S), and there is a natural mapping r : C(S) → X defined by
for each x ∈ X. Notice that r may not be continuous in general, and Fix(S) ⊆ r(C(S)). For a sequence (f n ) of mappings on X, we write Recall that a subset A of the space X is said to be a retract of X if there is a continuous r : X → A such that r(a) = a for each a ∈ A. Moreover, r is called a retraction. In addition, a (topological) space X is said to be contractible if there are a point x  ∈ X and a continuous mapping f : X × [, ] → X such that f (x, ) = x and f (x, ) = x  for all x ∈ X. Note that a convex subset of a Banach space and a retract of a contractible space are always contractible.
Theorem . ([], Theorem .) Let X be a regular space. If S is a virtually stable scheme having a continuous subsequence, i.e., there is a subsequence (s n k ) of S such that each s n k is continuous, then r : C(S) → Fix(S) is a retraction.
Next we will introduce the concept of an α-contractive scheme on a metric space X which resembles an α-contraction in the sense that it is always virtually stable, and when X is complete, its convergence set is the whole space X. Definition . For α ∈ [, ), the scheme S = ( n i= f i ) on a metric space X is said to be α-contractive if it satisfies the following conditions:
for each n ∈ N, where t  (x) = x for each x ∈ X. () The set F = {f n : n ∈ N} is equicontinuous on Fix(F ).
Example . If f is an α-contraction on a metric space, then the Picard iteration scheme (f n ) is α-contractive.
Theorem . Every α-contractive scheme S on a metric space X is virtually stable. Moreover, if X is complete, then C(S) = X.
Proof Let S = ( n i= f i ) be an α-contractive scheme. To show that S is virtually stable, let p ∈ Fix(S) = Fix(F ), ε > , and ε  = min{
there exists δ >  such that
Consequently,
Hence, for each p ∈ Fix(S) and ε > , there is δ >  such that
for all n ∈ N and j ≤ n. Therefore, S is virtually stable. Notice that if a sequence (x n ) satisfies d(x n+ , x n ) ≤ αd(x n , x n- ) for some α ∈ [, ) and all n ∈ N, then (x n ) is a Cauchy sequence. This fact immediately implies that C(S) = X when X is complete.
Corollary . Let X be a metric space and f
for some α ∈ [, ) and for all x ∈ X, then S is α-contractive and hence virtually stable.
Proof Observe that F = {f } is equicontinuous on Fix(F ) by the continuity of f . Also, since ( n i= f k+i ) = (f n ) = S for each k ∈ N, then S is α-contractive and hence virtually stable by the previous theorem.
Main results
We now present some new retraction and contractibility results for fixed point sets of certain set-valued mappings.
Theorem . Let X be a closed subset of a Banach space E. If F : X → CCB(X) is a lower semi-continuous quasi-nonexpansive mapping satisfying the end-point condition, then there is a virtually stable scheme S such that Fix(S) = Fix(F), and hence Fix(F) is a retract of C(S).
Proof Note that CC(X) ⊆ CC(E) because X is closed in E. Since F is lower semicontinuous, by Theorem ., F admits a continuous selection, say f : X → X. By Lemma ., f is quasi-nonexpansive, and the scheme S = (f n ) is virtually stable by Ex- 
for each n ∈ N and x ∈ X, is an α-contractive scheme with Fix(S) = Fix(F), and hence Fix(F) is a retract of X.
Proof Let x ∈ X and n ≥ . By Lemma .() and (),
It follows that (s n (x)) is a Cauchy sequence, and hence it converges to a point p ∈ X. Consider the following inequality:
Since (s n (x)) converges to p and
and since F(p) is closed, p ∈ F(p). This implies r(C(S)) ⊆ Fix(F).
By Lemma .(),
It follows that the sequence S is a scheme satisfying the condition in Corollary . with Fix(S) = Fix(F). Therefore, the scheme S is α-contractive with Fix(S) = Fix(F), and hence Fix(F) is a retract of X by Lemma . and Theorem ..
Remark . The sequence ((P F ) n ) in the proof of Theorem . is motivated by the iteration process defined in Theorem  [] . Moreover, in [], Yanagi studied the convergence of an iteration sequence for a sequence F = (F n ) of set-valued mappings from a complete metric space X into CB(X) satisfying the relation
for all x, y ∈ X and i, j ∈ N, where a, b, c ≥  and a + (a + )(b + c) < . In this case, we observe that the sequence S = ( n i= P F i ) is an α-contractive scheme for some α ∈ [, ) if each F i satisfies the Chebyshev condition, and hence, by a similar argument in Theorem ., the common fixed point set Fix(F ) is a retract of X when X is compact. ), and Fix(F) is clearly not contractible. Moreover, the following example shows that the fixed point set of an α-contraction satisfying the Chebyshev condition may not be convex. |} which is not convex.
Example . Consider the subset
The following construction, motivated by the iteration process (.) in [] , indicates that there is a sequence of mappings that is not naturally a scheme, but still gives rise to a retraction result as well as a contractibility criterion for the fixed point set of a certain nonexpansive set-valued mapping.
Let X be a closed convex subset of a Banach space, F : X → CCB(X) be an H-continuous mapping, (α n ) 
for each x ∈ X, respectively.
To construct s  , consider the mapping ϕ : X → (, ∞) defined by
for each x ∈ X. Let x ∈ X and ε > . Since s  and s  are continuous and F is H-continuous,
, we may assume that ϕ(x) -ϕ(y) ≥ , and hence 
